Homework 6 Foundations 4/16/08

Suppose that N isaset. Wecdl N aPeano systemiff the following conditions are satidfied:

. 0eN.
[1. Foreach x € N, thereisaunique dement x’ € N (wecal x’ the successor of x).
1. ¥xeN,x" =0.

V. VX, ye N\, X' =y =x=Vy
V. IfMc NforwhichOe MandVx e M, x’ € M, then M = N.

Given a Peano system N, we make the following definition:
» Givenx,y e N, definethar sum x +y by
e X+0=x
 XH()=(xty)

Prove the following Satements, given that N is a Peano system.
1. VX, yeN,x+(y+0)=(x+y)+0.

2. VX, ¥, ZEN, X+ (y+2)=(X+y)+z=x+(y+Z)=(X+tYy) +Z.
3. VX, ¥, ZEN, X+ (y+2=(x+y)+z

4, 0+0=0.

5. VyeN,0+y=y=0+y =y’

6. VyeN,O+y=y.

7. VxeN,x"+0=(x+0)".

8. VX,YyEN, X +y=(X+Yy) =X"+y =(X+Y')".

9. VX, YEN, X +y=(X+Yy)".

10.vye N,0+y=y+0.

11. VX, ye N, x+y=y+x=X"+y=y+X".

12. VX, ye N, x+y=y+X.

13. vy e N,withy = 0,0 = 0 +.

14.vx,y e Nywithy # 0, X # X +y=X" # X' +.
15.Vx,y € N,withy # 0, x = X +.

16.Vy,ze N,0+y=0+z=y=2
17.VX,y,ZeN,(X+y=xX+z=y=2)= (X' ty=X'+z=y=2).

18. VX, y,ze N, x+y=X+z=y=2



Given a Peano system N, with the convention that 0" = 1,we make the following definition:
» Givenx,y € N, definether product x - y by
e x-0=0
© X (y)=(xy)+x

Prove the following statements, given that N is a Peano system.
19.vx,ye N,x-(y+0)=x-y+x-0.

20.VX,y,Ze N, X - (y+2) =X -y+X-Z2=X-(y+Z)=X"y+Xx-Z.
21. VX, ¥, ze N,x-(y+2)=x"y+x-Z
22.9x,yeN,x-(y-0)=(x-y)-0.

23. VX, ¥, ZEN, X (y-2=(X"Yy) z=Xx-(y-Z)=(X"Y) - Z.
24.9x,y,ze N,x-(y-29=(X"y) 2

25.0-0=0.

26.VyeN,0-y=0=0-y =0.

27.¥yeN,0-y=0.

28.vxeN,x" -0=0.

2.V, yEN, X' - y=X"y+y=X -y =Xy +Vy.

30. VX, yeEN, X' -y=Xx-y+YV.

31.vyeN,0-y=y-0.

2.V, YyeEN, X y=y - Xx=X"-y=y- X"

33. VX, yeN, X - y=y-X.

34.VyeN,withy#1,1#1-vy.

3. VX, ye Nywithy # 1, x # X -y=X"# X" -y.

36. VX, ye N,withy # 1, X # X - y.

37.Vy,ze N,1-y=1-z=y=2

38.VX,y,ze N, (X y=x-z=y=2 =X y=X'"-z2=y=2).

39.VX,y,Zze N, X y=X-z=y=2



