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2 Sets
2.1 Introduction to Sets

A setisan object Sfor which, given an object x, we can determine whether x isor is not an dement of
S Wewill frequently represent the Stuation where x isan dement of Sby x € S and the dternative
gtuation where x isnot an dement of Sby x ¢ S Y ou might notice that it is customary to use capitd
letters for the names of sets, and lower case letters for dements, dthough thisis not agrict rule—in fact
it will be very useful to consder sets which themsalves contain other sets.

Wewill write A ={1, 2, 3}, for instance, when we mean the st which contains the element 1, the
element 2, and the eement 3, but no other dements. Notice the set braces“{” and “}” used here.
Don’'t mix them up with parentheses or brackets, which will be used for digtinct purposesin the near
future.

Many useful sets can't be listed out entirely like the one above, but instead consst of dementswith
particular properties. Wewill write {x | x = 2n for n € Z} to mean the collection of dl things that can
be written as twice an integer — the collection usudly caled the even integers. Weread thisas*“The set
of dl x’ssuch that x equals two n for some n in the set of integers”

Definition: We say that aset A isasubset of aset B and write A ¢ Biiff every dement of Aisaso
an eement of B.

Exanple If A={1,2,3},B={0,2},and C ={2}, thenwehaveCc AanddsoCc B,butB ¢ A
gnceOe BbutO ¢ A.

Definition: Sets A and B areequal iff Ac BandBc A.
Definition: The empty set, denoted 2, isthe sat having no eements.

Definition: Given asat A, the power set of A, denoted P(A), isthe st containing al subsats of A.
Example If A= {a, b}, then P(A) ={e, {a}, {b}, {a, b}}.

Exercises

1. ForanysetA, o c A

N

Forany st A, Ac A.

3. Foranysst A, A=A

»

Find P(2), P{a}), P{a, b, ¢}), and P{a, b, c, d}).
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2.2 Operationson Sets

It's the way sets combine and build on each other that makes them useful.

Definition: If A and B are s2ts, then the inter section of A and B, denoted A n B, is
AnB={x|xeAandx e B}

Definition: If A and B are sats, then the union of A and B, denoted A u B, is
AuB={x|xeAorxeB}

Definition: If A and B are sets, then the set difference of A and B, denoted A\Bor A—B, is
A-B={x|xeAadx ¢ B}

Definition: If Aisasat and X isthe set of dl elements under consideration, then the complement of
A, denoted A, is
A ={x|xe Xandx ¢ A}

Exercises

1.

2.

8.

0.

AcAuB
AnBcA
AuB=BUA
AnB=BnA
AuA =X
AnA =9
A-2=A
AY=A

(AnB)=AUB

10. AuB/=A'NB

11.Au(BuC)=(AuByuC

12An(BNnC)=(AnBNnC

13.AuUBNC)=(AuB)n(AuC)

14 An(BuC)=(AnB)u (AnC)
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2.3 Arbitrary Unions and Inter sections

If the union of two sats A; and A, isthe collection of dl dementsthat arein A, or A,, itisnaturd to
extend thisto the union of three sets A, A,, and A; being the collection of dl dementsthat arein A, or
A, or A;. We can make thisidea more generd by letting | be a st (called the indexing set) of dl of the
subscripts involved, and saying that we' re taking the unionover dl i € 1.

Definition: Let | beaset such that for each i € |, A isitsdf aset. Thenthe union of theA; over |,
denoted U A .is

UA:{x|xeAiforsomeiel}

Example: Supposethat B = {i, i + 1} foreach i € N, sofor instance B, = {7, 8}. Thenif welet E be

the set of even natural numbers, U B, would be the set of al natural numbers, since any even eement
iME

n € N would bein B, itsef, and any odd element n would bein B, _ ;. Onthe other hand if welet T be

the set of threven natural numbers, thenU B, would be the set of dl naturals which are either threven
T

or throdd (but not the throddodds).

Definition: Let | beaset such that for each i € [, A isitsdf asat. Then theinter section of the A,
over |, denoted ﬂA ,is

(A={xIxeAfordicl)

il
Exercises

1. For the sets B, from the example above, what is ﬂ B ?
il N

2. ForeachieN,letC ={n|neNandn=i}.whatis (J C 2

|
il {1,2,3}

3. ForeachieN,IetC ={n|ne Nandn = i}. Whais | JC 2
il N

4. ForeachieN,letC ={n|neNandn<i}. Whatis (| C?

1
i1{1,2.3}

5. Foreachie N, IetC,={n|neNandn < i}. Whais [ )C, ?
il N
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12.

13.

14.

15.
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Usng R™ to denote the positiveredls, let D, = {y | X < y < x}. What is U D,?
X R*

Usng R™ to denote the positiveredls, let D, ={y | X < y < x}. What is ﬂ D,?
X R*

ifjelthen AT [ JA

ifjelthen (VAT A

A"

A

AE (B ={J(AEB)

AC(1B =()(ACB)

AE(B =()(AE )

AclJB =J(ACB)
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2.4 Inequalities

Up to this point we have deliberatdly said aslittle as possible about what properties you must assume
numbers have. Some essentia properties of real numbers that we will take on faith for the moment
concern how comparison interacts with addition and multiplication, how comparisons combine, and a
property called trichotomy. None of these should be surprising — the point is that these are among the
only things we intend to accept without further judtification.

Comparison Addition Principle: If a, b, ce R,anda<b,thena+c<b+c.

Comparison Multiplication Principle: If a, b, c€ R,withc>0anda<b,thena-c<b-c.

Trandtive Property of Inequdity: If a, b, ce R,witha<bandb<c,thena<c.

Trichotomy: If a and b are red numbers, then either a<b, a=b, ora>b.

Also, as amatter of notation, we say a < b interchangeably with b > a. Furthermore, we write a < b iff
a<bora=b,andsmilalywitha > b.

Exercises
1. Supposethata, b,ceR. Ifa<b,thena—-c<b-c.
2. Supposethata, b,ceR. Ifc<Oanda<b,thena-c>b-c.

+b

a
3. Supposethata, beR. If a<b,then a< <b.

4. Supposethata, beR. If a<bthena?<b’

5. Supposethata, be R. Ifa, b>0,then a<bU a®<b?®.

6. Supposethata, be R,witha<banda, b>0. ThenvVne N, a" < b".
7. Supposethata, b e R. If a b>0, then a<bU \/a<\/5

a+tb
8. Supposethata, b e R. If a, b>0,then ~v/ab £ >

9. Supposethata, beR. Ifa,b>0 then Va? +* £a+b.

10. Supposethat a, b, c,d e R,witha<bandc<d. Thena+c<b+d.
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11. Supposethat a, b, c,d e R,witha<bandc<d. Thena—-c<b-d.
12. Supposethat a, b, ¢, d e R,witha<bandc<d. Thenac < bd.
13. Supposethat a, b, c,d e R,witha<bandc<dandb, c>0. Then ac < bd.

14. Supposethat a, b, ¢, d € R,witha<bandc<d. Then %<%

15. Supposethat a, b € R. If a>=b? thena=Dh.

. 1.1
16. Suppose that r isared number. Thenr? > r and —£-.
r r
. ) 1.1
17. Suppose that r isared number andr > 1. Thenr?>rand — £ —.
r r

26
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2.5 Real Intervals

Y ou've probably aready had some experience in Caculus with intervals, but we treat them formaly
here and glimpse some hints of things to come.

Definition: For a, b € R, with a < b, the open interval from ato b, denoted (a, b), is
(ab)={x|xeRanda<x<b}

Definition: For a € R, the open interval from ato «, denoted (a, «), is
(@ ) ={x|xeRanda<x}

Definition: For a, b € R, with a < b, the closed interval from ato b, denoted [a, b], is
[a,b] ={x|xeRanda < x < b}

Definition: For a € R, the closed interval from ato «, denoted [a, «), is
[a, ) ={x|xeRanda< x}

Definition: For a, b € R, with a < b, the half-open intervalsfrom ato b, denoted (a, b] and [a,
b), are
(@& bl={x|xeRanda<x < b}
[a,b)={x|xeRanda < x<b}

Exercises

1. LetA,=(n,)foreechne N. Whatis | ] A, 2
n N

2. LetA,=(n,»)foreechne N. What is ﬂAh?
nl N

3. LeeN"=N—{0}. LetB,= ("}, %)forexchne N*. Whatis | J B, ?

nl N*

4. LeteN*=N-{0}. LetB,= (¥, ¥ )forexchne N". Whatis (| B, ?

AN
5. Theintersection of two open intervasis an open interva.
6. Theintersection of two open intervasis ether an open interva or empty.
7. Theintersection of finitely many open intervasis either an open interva or empty.

8. Theintersection of arbitrarily many open intervasis either an open interva or empty.
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2.6 Absolute Values

Y ou're probably familiar with the absolute vaue function in asmple sense, where it basicdly means
“Take off the negative Sgn if thereisone” Our god hereisto give you some ideaof how much moreit
isthan that.

i x ifx30
Definition: For any x € R, Iet|x| = : _ be called the absolute value function,
1-x ifx<O0

Lemmal VvV x € R, -X| < X < [X].

Proof: Exercise 1.

Lenmma2 VX, ye R, x| <yiffy<x<y.

Proof: Exercise 2.

Theorem (The Triangle Inequdity): V X, y € R, X +y| < [X| + |y].

Proof: Well, by Proposition 1 we havethat —|x| < x < [x]and —|y| < y < |y}, and adding these gives us
—X|=Iyl < x+y< X+ |y If werewritethisas— (x| + |y]) < x +y < x| + |y| we can apply
Propogition2tohave [x +y| < x|+ |y|. O

One important use to which absolute values can be put isto express distance. Noticethat if you
consider two values like—3 and 5 on the number ling, |(=3) — (5)| = 8| = 8 gives the distance between
those points. This leads to the following definition.

Definition: For X, y € R, define the distance from x to y, denoted d(X, y), by
d(x,y) = x -yl

It can be shown that this definition leads to severa properties we would hope distances would possess
(see exerciss).

Exercises

1. ProveLemmal.

2. ProveLemmaZ2.

3. VxeR, X =>0.

4. VX YeR,|xy|=]x]|y|
5 VX YyeR,x-yl <X -l
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VX YyeR, X-ly < x|
VvV xeR,dx,x)=0.
VX, YeER,dX y)=0=x=Yy.

VX yeR,dxy) > 0.

10.V x,y € R, d(x, y) = d(y, x).

11.V X, y,ze R, d(x,y) < d(x, 2 +d(z V).

30
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2.7 Cross Products

You'refamiliar, a least in practica terms, with the idea of ordered pairs and tregting ordered pairs of
real numbers as points in a plane for purposes such as graphing functions. This section digs abit more
deeply into these idess.

Definition: For sets A and B, define the Cartesian product of A and B, denoted A x B, by
AxB={(a,b)|ac A be B}.

Definition: Given two dements (a;, b;) and (a,, b,) in A x B,wesay (a;, b)) = (a,, by) iff a; = a,
and b, = b,.

For instance, R x R isthe familiar collection of al ordered pairs of red numbers, written in parentheses
with acommain between. We only consider two of these ordered pairsto be equd if both the first and
second numbers match, which corresponds to our standard notion of two points being identicd if they
share both x and y coordinates. But this definition extends far beyond that familiar setting, covering
possibilities both trivid and profound.

Example 1: If Meat = { beef, chicken, fish} and Dessert = { cake, pie, nothing}, then Meat x Dessert =
{ (beef, cake), (beef, pie), (beef, nothing), (chicken, cake), (chicken, pie), (chicken, nothing), (fish,
cake), (fish, pie), (fish, nothing)}, and could be taken to be alist of posshilities when ordering main
course and dessert at some (boring) restaurant. Notice that, as with any set, the order we listed the
itemsisn’'t important — but it’s convenient to list them in this order, Snce it makesiit easy to check that
everything has been included. None of this should seem too profound yet, but do recognize that
contexts with little superficid connection (planes and dinner sdections) have a common underlying
mathematical Structure.

Example 2: If we condder R x R, then A = (1,3] and B=[1,2) are both subsets of R, so it can be
useful to depict the cross product A x B with the shaded region in the figure shown below. The dotted
boundaries of the shaded region are conventionaly used to represent open edges, so that points
actudly lying on those edges are not included but everything withinis.
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A

Figurel
Exercises
1. ForsstsAandB, AxB=BxA.
2. ForsetsA, B,andC, (AxB)xC=Ax (BxC).
3. ForsetsA, B, C,andD,AcBANCcD=AxCcBxD.
4. ForsetsA, B, C,andD, (AnB) x (CnD)=(AxC)n (BxD).

5. ForsetsA, B, C,and D, (AU B) x (Cu D) = (Ax C) u (Bx D).

2.8 Russdll’ s Paradox
During the 20" century mathemeticians and philosophers came to recognize some deep issues that arise

from the casual use of sets. Many of these issues were dedlt with to a certain degree, but in most cases
only by giving up other things. Read Godel, Escher, Bach or Uncertainty for more of the story.

Exercises
For these exercises, consder the set R congsting of dl setsthat are not eements of themsalves.
1. IsReR?

2. IsR¢R?
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Appendix to Chapter 2

Proposition 1: Let A be some set and X be the universa set of dl objects under consderation. Then A
uA =X

Proof: Well, if wetakex € A u A', weimmediately know x € X since dl objects under consideration
arefrom X. ThusA u A’ < X. Now on the other hand take x € X. There are two casesto consider:
gtherx € Aor = (x € A). Inthefirgt case, sncex € A,weknow x € Au A'. Inthe second case, we
havex e Xand = (x € A),orx e XA x ¢ A, sox € A, and thereforex € Au A'. Soin ether case x
€ Ximpliesx e AuA,s0Xc AU A. HenceAu A’ =X, asdesired. [

Proposition 2: For setsA, B,andC,An (Bu C)=(An B) u (An C).

Proof: Well, takex € An (Bu C), soby definition x e A/A x € Bu C. Thendso by definition x € A
A (x e BV x € C). But then by the digtributive property (x e AAxeB)V (xe AAx e C), soby
defintionx e AN B)u (AN C). ThusANn(BuC)c (AnB)u (An C). Now if wetakex € (An
B) u (AN C), by definitionthismeans(x e AA x e B) V (x e AA x € C). Sothere are two cases, so
fird supposex € AA X € B. Wehavex € A,andsncex € B,weknow x e Bu C,soxe An (Bu
C). Inthe other case we supposex € AN x € C, o amilaly wehavex € A, and sncex € C, we
knowx e Bu C,so0x e An (Bu C). Soin both casesswehavex € An (Bu C), and thus (A n B)
U(ANC)cAn(BuC). ThenwehaveshownAn (Bu C)=(AnB)u (AnC).O
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