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24. Suppose that a population can be accurately modeled by the logistic equation
dp p
P _ 0.4 (1 - ——) .
ar P U T30
(Note that the growth-rate parameter is 0.4 and the carrying capacity is 30.) Suppose

that, at time ¢ = 5, a disease is introduced into the population that kills 25% of the
population per year. To adjust the model, we change the differential equation to

p

0.4 (1——) for0 <t < 5;
i P 30 or0<r<5
o 0.4p<1—3%)—0.25p fort > 5.

(a) Sketch the slope field for this equation using HPGSolver.
(b) Using the slope field, sketch the graphs of a few representative solutions to this

equation.
(c) Find formulas for the solutions of this equation for initial conditions p(0) = 30
and p(0) = 20.

(d) In a few sentences, describe the behavior of the solutions with initial conditions
p(0) =30 and p(0) = 20. (You can use either the sketches from the slope field
or the formulas, but give a qualitative description of the solutions.)

1.4 NUMERICAL TECHNIQUE: EULER'S METHOD

The geometric concept of a slope field as discussed in the previous section is closely

related to a fundamental numerical method for approximating solutions to a differential

equation. Given an initial-value problem ‘
dy '
Tl f@y), y(to) = yo,

we can get a rough idea of the graph of its solution by first sketching the slope field

in the ty-plane and then, starting at the initial value (o, yo), sketching the solution by

drawing a graph that is tangent to the slope field at each point along the graph. In this

section we describe a numerical procedure that automates this idea. Using a computer

or a calculator, we obtain numbers and graphs that approximate solutions to initial-

value problems.

Numerical methods provide quantitative information about solutions even if we
cannot find their formulas. There is also the advantage that most of the work can be
done by machine. The disadvantage is that we obtain only approximations, not precise
solutions. If we remain aware of this fact and are prudent, numerical methods become
powerful tools for the study of differential equations. It is not uncommon to turn to
numerical methods even when it is possible to find formulas for solutions. (Most of
the graphs of solutions of differential equations in this text were drawn using numerical
approximations even when formulas were available.)

The numerical technique that we discuss in this section is called Euler’s method.
A more detailed discussion of the accuracy of Euler’s method as well as other numerical
methods is given in Chapter 7.
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1.4 Numerical Technique: Euler’s Method 55

Euler's Method

To put Euler’s method into practice, we need a formula for determining (fx+1, Yk+1)
from (fx, yi). Finding 1 is easy. We specify the step size At at the outset, so

tey1 = e + AL

To obtain yx41 from (#, yx), we use the differential equation. We know that the
slope of the solution to the equation dy/dt = f (¢, y) at the point (¢, y&) i f (ks Y&)»
and Euler’s method uses this slope to determine yg+1. In fact, the method determines
the point (fx41, Yk+1) by assuming that it lies on the line through (, yx) with slope
f (tx, yx) (see Figure 1.31).

(k15 Vet 1), Figure 1.31
Euler’s method uses the slope at the point

i
slope = f (tx, yk) {
| (t, y) to approximate the solution for
I
I
I
|
|

flie, yi) At g <t < tgqq.

(tk’ )’k) T . |
e— At

Now we can use our basic knowledge of slopes to determine yx41. The formula
for the slope of a line gives

Yk+1 — Yk
Tk+1 — Ik

= f(te, yi)-

Since t; 41 = tx + At, the denominator fx 1 — f is just Az, and therefore we have

Yk+1 — Yk
= t’
A I, yi)

Vi1 — Yk = [t yi) At

Yk+1 = Yk + f (e, yi) At.
This is the formula for Euler’s method (see Figures 1.31 and 1.32).

y slope = f(tg+1, Yk+1) Figure 1.32
slope = f(tx, yk) 1 Two successive steps of Euler’s method.
Yk+2 L [
Yk T . v
e— At —>e— At —>
f } + t
Tk Te+1 k42
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1.4 Numerical Technique: Euler’s Method 57

To compute the y-coordinate y, for the second step, we now use y; rather than
yo. That is,

y2 = y1 + 2y1 — DAt = 1.1+ (1.2) 0.1 = 1.22,

and the second point for our approximate solution is (f2, y2) = (0.2, 1.22).

Continuing this procedure, we obtain the results given in Table 1.3. After ten
steps, we obtain the approximation of y(1) by y1o = 3.596. (Different machines use
different algorithms for rounding numbers, so you may get slightly different results on
your computer or calculator. Keep this fact in mind whenever you compare the numer-
ical results presented in this book with the results of your calculation.) Since we know

that
2

1
y(1)=e a

~ 4.195,

the approximation y1¢ is off by slightly less than 0.6. This is not a very good approxi-
mation, but we’ll soon see how to avoid this (usually). The reason for the error can be
seen by looking at the graph of the solution and its approximation. The slope field for
this differential equation always lies below the graph (see Figure 1.33), so we expect
our approximation to come up short.

Using a smaller step size usually reduces the error, but more computations must
be done to approximate the solution over the same interval. For example, if we halve
the step size in this example (Ar = 0.05), then we must calculate twice as many steps,
since f; = 0.05, 1, = 0.1,...,10 = 1.0. Again we start with (7, yo) = 0,1) as
specified by the initial condition. However, with Ar = 0.05, we obtain

y1=yo+ 2yo— 1At =1+ (1)0.05 = 1.05.

This step yields the point (¢, y1) = (0.05,1.05) on the graph of our approximate

Table 1.3
Euler’s method (to three decimal places) for dy/dt =2y —1, y(0) = 1 with Az = 0.1
k Tk Yk St i)
0 0 1 1
1 0.1 1.100 1.20
2 0.2 1.220 1.44
3 0.3 1.364 1.73
4 0.4 1.537 2.07
5 0.5 1.744 2.49
6 0.6 - 1.993 2.98
7 0.7 2.292 3.58
8 0.8 2.650 4.30
9 0.9 3.080 5.16
10 1.0 3.596

P
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1.4 Numerical Technique: Euler’s Method 59

Table 1.5
Euler’s method (to four decimal places) for dy/dt = 2y — 1, y(0) = 1 with Az = 0.01
k I Yk S Qe i)
0 0 1 1
1 0.01 1.0100 1.0200
2 0.02 1.0202 1.0404
3 0.03 1.0306 1.0612
98 0.98 3.9817 6.9633
99 0.99 4.0513 7.1026
100 1.00 4.1223

A Nonautonomous Example

Note that it is the value f(f, yx) of the right-hand side of the differential equation
at (f, yr) that determines the next point (fg4+1, yxk+1). The last example was an au-
tonomous differential equation, so the right-hand side f (z, yx) depended only on y.
However, if the differential equation is nonautonomous, the value of # also plays a role
in the computations.
To illustrate Euler’s method applied to a nonautonomous equation, we consider
the initial-value problem p
Y

dt
This differential equation is also separable, and we can separate variables to obtain the

solution

=-2ty?, y(0)=1

1= ——.
¥ 1+12

We use Euler’s method to approximate this solution over the interval 0 <7 < 2.
The value of the solution at t+ = 2 is y(2) = 1/5. Again, it is interesting to see
how close we come to this value with various choices of Az. The formula for Euler’s
method is

Yird = Ve + f (e i) At =y — Qyp) At

with 7p = 0 and yp = 1. We begin by approximating the solution from ¢ = 0 to
¢t = 2 using just four steps. This involves so few computations that we can perform
the arithmetic “by hand.” To cover an interval of length 2 in four steps, we must use
At = 2/4 = 1/2. The entire calculation is displayed in Table 1.6. Note that we end up

Table 1.6

Euler’s method for dy/dt = —2ty2, y(0) = 1 with Ar =1/2
k I Yk I, yi) k I Yk I (e, yi)
0 0 1 - 0 3 3/2 1/4 -3/16
1 1/2 1 -1 4 2 5/32
2 1 1/2 —1/2

<
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1.4 Numerical Technique: Euler’s Method 61

An RC Circuit with Periodic Input

Recall from Section 1.3 that the voltage v, across the capacitor in the simple circuit
shown in Figure 1.35 is given by the differential equation

P dve  V(t)—v,
dt ~  RC
V(t) C

where R is the resistance, C is the capacitance, and V (¢) is the source or input volt-
age. We have seen how we can use slope fields to give a qualitative sketch of solutions.

Figure 1.35 Using Euler’s method we can also obtain numerical approximations of the solutions.

Circuit diagram with resistor, Suppose we consider a circuit where R = 0.5 and C = 1. (The usual units are

capacitor, and voltage source.  “ohms” for resistance and “farads” for capacitance. We choose these numbers so that
the numbers in the solution work out nicely. A 1 farad capacitor would be extremely
large.) Then the differential equation is

- Be - ZOZ2 2w —w.

To understand how the voltage v, varies if the voltage source V (¢) is periodic in
0 t time, we consider the case where V () = sin(27¢). Consequently, the voltage oscillates
between —1 and 1 once each unit of time (see Figure 1.36). The differential equation is

-1 now

dv, .
Figure 1.36 ke —2v, + 2sin(271t).
Graph =si ; ; ; : :
mr:fnpz;f \‘/;(liz)ige_ S, From the slope field for this equation (see Figure 1.37), we might predict that the

solutions oscillate. Using Euler’s method applied to this equation for several different
initial conditions, we see that the solutions do indeed oscillate. In addition, we see that
they also approach each other and collect around a single solution (see Figure 1.38).
This uniformity of long-term behavior is not so easily predicted from the slope field

alone.
Ve Ve
{ t — 1 1 :
1 2 3
Figure 1.37 Figure 1.38
Slope field for Graphs of approximate solutions to
dvc/dt = —2v¢ + 2sin(2rt). dve/dt = —2v, + 2sin(2nt) obtained

using Euler’s method.
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1.4 Numerical Technique: Euler’s Method 63

Stephen Smale (1930- ) is one of the founders of modern-day dynam-

ical systems theory. In the mid-1960s, Smale began to advocate taking a

more qualitative approach to the study of differential equations, as we do in

this book. Using this approach, he was among the first mathematicians to

encounter and analyze a “chaotic” dynamical system. Since this discovery,
~ scientists have found that many important physical systems exhibit chaos.

' Smale’s research has spanned many disciplines, including economics,
theoretical computer science, mathematical biology, as well as many subareas
of mathematics. In 1966 he was awarded the Fields Medal, the equivalent
of the Nobel Prize in mathematics. He is currently Professor Emeritus at the
University of California, Berkeley. '

what we want to know about the solutions. Often all three methods “work,” but a great
deal of labor can be saved if we think first about which method gives the most direct
route to the information we need.

EXERCISES FOR SECTION 1.4

In Exercises 1-4, use EulersMethod to perform Euler’s method with the given step
size At on the given initial-value problem over the time interval specified. Your answer
should include a table of the approximate values of the dependent variable. It should
also include a sketch of the graph of the approximate solution.

d

1.—%:2)}4—1, y0) =3, 0<t<2 Ar=05

d

2.d—};=t—y2, y0) =1, 0<t<1, Ar=025
dy _ 5 _ -
3=y -2+l yO =2 0=r=2 Ar=05
dy .

4.;1?=smy, y0) =1, 0=<r=<3, Atr=05

In Exercises 5-8, use Euler’s method with the given step size At to approximate the
solution to the given initial-value problem over the time interval specified. Your answer
should include a table of the approximate values of the dependent variable. It should
also include a sketch of the graph of the approximate solution.

d

s.d—'f=(3—w)(w+1), w0) =4, 0<t<5 Ar=10
dw

6. =C@-ww+1), w0=0 0<t<5 At=05

dr
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