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 For the alkali borate systems, density trends may be used as an indicator for 

structural changes within a glass.  However, with the use of high-precision density data, 

we may be able to indirectly observe superstructural changes in the glass by applying the 

differential volume technique used by Doweidar on various silicate and borate systems.  

This technique allows us to examine the differential changes of the volumes of the 3-

coordinated trigonal units and the 4-coordinated tetrahedral units (named and 

fractionally given by the f1 and f2 units, respectively) as a function of R (up to R < 0.6, 

where R is the mole ratio of alkali oxide to boron oxide).  The relative volumes of the 

borate units are not constant in the low R region, but contain features that may 

correspond to when a short-range unit is participating in large superstructural units.  We 

also applied this same analysis to the barium borates, and  found that the trends of the 

unit volumes are nearly identical to those for the sodium borates, perhaps indicative that 

the superstructural changes are also identical for both the alkali borate and alkaline-

earth borate systems.  Finally, a comparison of our results with Kroeker’s recent 11B 

MAS NMR studies reveal that features in the unit volumes may correlate to changes in 

the abundance of the two observed f2 species. 
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 Of recent interest in the study of alkali borates and related glass systems is the 

question of intermediate range structure.  Currently, only a few methods have proven 

sensitive enough to detect the presence of such superstructural groups, such as NMR, 

neutron scattering, vibrational spectroscopy, and laser desorption time-of-flight mass 

spectroscopy(1,2,3,4,5).  However, using the analysis employed in this study, it is possible to 

extract information that may be related to superstructural changes from a set of density 

data, provided it is of sufficient accuracy and resolution. 

 The aforementioned technique was originally devised by Doweidar(6) which itself 

was an extension of the density model proposed by Shibata et al.(7)  In Shibata’s model, 

average values for the total volume of each of the structural units, including empty space 

and contributions from associated alkali, were calculated using a density data set and a 

model for the unit abundances.  Doweidar, rather than calculating an average value for 

the volumes, calculated the volumes as a function of composition, which he was able to 

do because of the high precision of much of his density data. 

 The purpose of this study is to update and extend Doweidar’s original work on the 

alkali borates using recent high precision density data, and to compare the results with 

recent NMR-based structural studies. 

 

Procedure 

 Two sets of information are necessary for this analysis:  high precision density 

data and the fractional abundances of the structural units as a function of composition.  

The density data used in this study were obtained from samples prepared for velocity of 

sound measurements using the solution method(8,9,10,11,12,13).  Each sample was cast and 

 2



annealed in a cylindrical mold 15 mm in diameter and 30 mm deep, and then chemically 

analyzed to determine its composition by means of the manninol method(14).  

Measurements of density were made using a hydrostatic weighing method with a silicon 

single crystal as the density standard(15), resulting in an estimated uncertainty of ±0.001 

g/cc.     

 The model used for the fractional abundances of the structural units is alkali-

independent and was presented by Chong et al.(16), which is a consistent with the results 

of many NMR studies(17,18,4).  The structural units relevant to this study are the f1 unit, a 

trigonal BO3 unit with all bridging oxygens, the f2 unit, a tetrahedral BO4 unit with all 

bridging oxygens and an associated alkali cation, and the f3 unit, a trigonal BO3 unit with 

one non-bridging oxygen and an associated alkali cation. In the alkali-independent 

model, the fractional abundance of the f1 unit in the region 0.0 ≤ R ≤ 0.7 is given by f1 = 

1 - R, where R is the mole ratio of alkali oxide to boron oxide.  The fractional abundance 

of the f2 unit in the region 0.0 ≤ R ≤ 0.4 is given by f2 = R, and for  0.4 ≤ R ≤ 0.7, f2 = R/6 

+ 1/3.  Also, the fractional abundance of the f3 unit in the region 0.4 ≤ R ≤ 0.7 is given by 

f3 = 5R/6 - 1/3.  However, the data sets used in this study primarily span the 

compositional region 0.0 ≤ R ≤ 0.5.  Thus, the the volumes of only the f1 and f2 units two 

units can be reliably analyzed in this study, as they are the only two present in sufficient 

quantity in this region. 

 To begin the calculation, we define the glass density in terms of its dimensionless 

mass relative to pure borate glass (R=0), m′(R), and its dimensionless volume relative to 

pure borate glass, v′(R):   
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where ρ(0) is the density of vitreous B2O3.  m′(R) can simply be calculated by the ratio of 

the molecular weight of the glass at composition R to the molecular weight of the pure 

borate glass.  Also, we can interpret v′(R) as the sum of the fractional abundance of each 

unit multiplied by its volume relative to the f1 unit (given by v1 and v2, respectively): 
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where R1 and R2 are the R-values of two adjacent points in the density data set.  

Replacing v′(R1) and v′(R2) with the expression derived in equation 2 gives: 
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All the variables except v1 and v 2 in equations 4a and 4b are known:  f1(R1), f2(R1), f1(R2), 

f2(R2) are defined by the fractional abundances model (f1 = 1-R, f2 = R);  ρ(0), ρ(R1), and 

ρ(R2) are obtained from our density data set; and m′(R1) and m′(R2) can be calculated 

from the respective molecular weights.  Therefore, since R1 and R2 are close in value, we 

can make the approximation that the solutions for v1 and v2 are defined at the composition 

(R1+R2)/2. 

 Additionally, some of the density data sets range up to approximately R = 0.6.  As 

noted earlier, in the region 0.4 ≤ R ≤ 0.7, trigonal units with one non-bridging oxygen (f3 
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units) begin to appear.  However, we found that extending this analysis to regions where 

three structural units exist presents some difficulties.  The main problem is that the R-

values at which the unit volumes are defined would have to be obtained by averaging 

over three values, yielding results that would only be acceptable if the resolution of the 

density data was extraordinarily fine.  However, a useful approximation is to hold one of 

the unit volumes constant (f3), using the average volume derived from a least squares 

analysis over the entire data set, and proceed with the calculation letting the other two 

unit volumes vary (f1 and f2). 

 Also, we collected two sets of density data for the sodium borate system taken 

over the same composition range, one filling in the compositions between the other, 

resulting in data of twice the compositional resolution.  To remove a very slight 

systematic error, we averaged adjacent points in the data set, yielding a set of the same 

resolution as the other alkali systems. 

 Finally, using the value of 1.838 g/cc for the density of vitreous B2O3
(13), the 

volume of the f1 unit at R = 0 can be calculated to be 31.45 Å3 (referred to as V0 in this 

paper), which can then be used to convert the relative volumes into absolute volumes. 

 

 

 

Results and Discussion 

 For the volume of the f1 units in the region 0.0 ≤ R ≤ 0.4, we find that the trends 

initially reach one minimum and then one maximum, with the exception of the lithium 

system, which appears to be monotonically decreasing [Figure 1].  The minimum in the 
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trends is at R = 0.18 ± 0.05, and the maximum is at R = 0.30 ± 0.05, where there is also a 

slight alkali dependence in the magnitude of the minimum and maximum—greater for 

systems with larger alkali—and at most deviating approximately 10% from V0, the 

volume of the f1 unit at R = 0. Nevertheless, the f1 units for each system appear to have 

approximately the same average volume in this region of roughly 0.97·V0.  This is 

consistent with the fact that the composition of the f1 unit is alkali independent. 

 For the volume of the f2 units in the region 0.0 ≤ R ≤ 0.4, we find that trends 

initially reach a broad maximum and then a slight local minimum, again with the 

exception of lithium, which appears to be monotonically increasing [Figure 2].  

Additionally, there is a small sharp feature at low R in the trends (with the exception of 

potassium), which reaches a maximum at R = 0.05 ± 0.01 for the lithium and sodium 

systems, and at R = 0.02 ± 0.01 for the rubidium and cesium systems.  The broad 

maximum in the compositional trends is at R = 0.18 ± 0.10, and the local minimum is at 

R = 0.30 ± 0.05, mirroring the changes seen in the f1 unit. 

 Unlike for the f1 unit, there is a very clear alkali dependence on the volume of the 

f2 unit.  Such a dependency is explainable by the fact that alkali cations are only 

associated with f2 units.  To quantify this observation, we performed a least squares 

analysis to determine the best fit average value for v2
 over the entire range of available 

compositions.  Plotting these values versus the volume of the alkali ion (19,20) yields a 

linear relationship given by:  

 

 (Best Fit v2 in Å3) = 1.43·(Volume of alkali ion in Å3) + 26.8,  (5) 
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with an R2 value of 0.997 [Figure 3]. 

 In addition, we applied the differential volume technique to data we obtained 

from the barium borates.  Spectroscopic data indicates the fractional abundance of the f1 

and f2 units in barium borates appear to follow the same f1= 1 – R, f2 = R dependency as 

in the alkali borates in the low R region(21,17).  Using this fact, we were then able to 

calculate the volumes of its f1 and f2 units, and we proceeded to plot them with the results 

from the sodium borate system as a comparison [Figure 4].  Sodium was chosen because 

the ratio of the cubes of the ionic radii of Ba to Na is roughly 2:1(19), yet in sodium 

borates there are twice as many ions per mole than in barium borates, thus we would 

expect the volumes of the units to be comparable if the systems are isostructural.  Due to 

the similarity observed between the unit volume trends in the sodium borates and the 

barium borates, we believe that the superstructural changes hypothesized for the alkali 

borates may extend to the alkaline-earth borate systems, and could possibly be an 

intrinsic property of the borate network itself.  Due to the phase separation in low R 

barium borates, we are limited in our comparison to the region 0.2 ≤ R ≤ 0.4.   

 

 We also tried to extract information about the volume changes of the f1 and f2 unit 

in regions past R = 0.4 by holding the f3 unit volume constant.  Of the data sets available, 

we found that rubidium and cesium were the only two which extended far enough past R 

= 0.4 to warrant analysis.  Thus, we performed a least squares analysis on these two data 

sets to find the best fit average value over the entire range of available compositions for 

the volume of the f3 units.  Comparing our values to those obtained by Lower et al.(22), we 

found that our values were within about 10% of thiers.  However, Lower’s data cover the 
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entire range of composition for which the f3 unit is present (0.4 ≤ R ≤ 2.1), but our data 

are limited to only when the f3 unit first appears (0.4 ≤ R ≤ 0.6).  Since the difference 

between our values is small, though the difference between our ranges is large, we 

believe that holding the f3 unit volume constant serves as a suitable approximation.   

 The above analysis reveals that the volumes of the f1 unit in rubidium borates and 

cesium borates drop to another minimum at about R = 0.53 ± 0.05 of about 0.85·V0, and 

the f2 unit volume trends reach a maximum in the same area of about 2.4·V0 for cesium 

and 2.0·V0 for rubidium [Figure 5]. 

 Comparing our results to those in the original study by Doweidar(6), we find that 

his results are remarkably comparable to ours, albeit his are somewhat less accurate.  For 

example, the maxima and minima in his unit volumes appear to be offset by roughly +0.5 

R from ours.  Additionally, from our analysis we were able to observe fine peaks in the 

volume of the f2 units at low R, but such features are absent from Doweidar’s results. 

 Unlike when this analysis is performed on alkali silicates(23), we find that in the 

alkali borates the volume of the units varies extensively as a function of composition.  

We hypothesize that this is due to the presence of certain superstructural units in which 

the f1 and f2 units are participating, affecting the net volume of these short-range units.  

 Recent 11B MAS NMR studies on cesium borates by Kroeker et al.(1) and Ratai et 

al.(4) indicate the existence of two distinct species of f2 units present in the 0.0 ≤ R ≤ 0.6 

region, separated by roughly 1 ppm in the 11B MAS NMR spectra, which are believed to 

correspond to f2 units participating in two different superstructural environments.  

Quantitative analysis of Kroeker’s data reveals that from 0.0 ≤ R ≤ 0.2, the two species of 

f2 are present in roughly equal quantities, from 0.2 ≤ R ≤ 0.35 the species characterized 
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by the lower chemical shift (the “lower frequency species”) is created preferentially over 

species characterized by the higher chemical shift (the “higher frequency species”) by 

approximately 3:2, from 0.35 ≤ R ≤ 0.45 a crossover occurs in the trends, and from 0.45 

≤ R ≤ 0.6 the higher frequency species is created preferentially over the lower frequency 

species by approximately 2:1. 

 The changes in abundances of the different f2 species that occur from 0.2 ≤ R ≤ 

0.35 and 0.45 ≤ R ≤ 0.6 appear to align with events in our analysis of the changes in the 

volumes.  In the cesium system, we find that at approximately R = 0.3 the f2 unit volume 

reaches a local minimum, and at approximately R = 0.55 reaches a local maximum.  Such 

a correlation leads us to speculate that the lower frequency species may exhibit more 

efficient packing than the higher frequency species, resulting in the changes in net 

volume of the f2 unit we observed in this study. 

  

Conclusion 

 We performed an analysis of the differential volume changes of the f1 and f2 units 

of alkali borates glasses as a function of composition and found that the volumes of the 

units vary extensively over the composition 0.0 ≤ R ≤ 0.6.  The volume of the f1 unit 

appears to be independent of alkali when compositionally averaged, while the f2 unit 

average volume varies linearly with that of the associated alkali.  The same analysis was 

then applied to barium borates which we found to exhibit trends similar to the alkali 

borates.  Finally, we also compared our results to f2 speciation observed in recent 11B 

MAS NMR data, and we found that they contained compositional features which 

correlated to the minima and maxima of the unit volumes calculated in this study. 
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Volume of the f1 Unit as a Function of Composition
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Figure 1:  Volume of the f1 unit as a function of R (ratio of alkali oxide to boron oxide) 
for the five alkali borate systems.  The cesium system is represented by “ ”, rubidium by 
“ ”, potassium by “ ”, sodium by “ ”, and lithium by “ ”.  Estimated uncertainty in the 
volume is ± 0.4 Å3, represented graphically by the error bars. 
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Volume of the f2 Unit as a Function of Composition
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Figure 2:  Volume of the f2 unit as a function of R (ratio of alkali oxide to boron oxide) 
for the five alkali borate systems.  The cesium system is represented by “ ”, rubidium by 
“ ”, potassium by “ ”, sodium by “ ”, and lithium by “ ”.  Estimated uncertainty in the 
volume is ± 0.9 Å3, approximately the size of the data markers. 
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Comparison of Best Fit f2 Unit Volumes 
to Volume of Alkali Ion

25

30

35

40

45

50

55

60

65

70

75

0 5 10 15 20 25 30 35

 Volume of the Alkali Ion from Shannon Radii (in Å3)

B
es

t F
it 

Vo
lu

m
e 

of
 f 2

 U
ni

t (
in

 Å
3 )

 
Figure 3:  A comparison of the best fit average volume of the f2 unit over the entire range 
of available compositions versus the volume of the alkali ion calculated from Shannon 
radii for the five alkali borate systems.  The cesium system is represented by “ ”, 
rubidium by “ ”, potassium by “ ”, sodium by “ ”, and lithium by “ ”.  The equation of 
the linear fit is given by y = 1.43·x + 26.8, with an R2 value of 0.997. 
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Volumes of the f1 & f2 Units of Ba-B Compared to Na-B
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Figure 4:  Volumes of the f1 and f2 unit as a function of R (ratio of alkali oxide to boron 
oxide) of barium borates compared to sodium borates .  The barium system is represented 
by “ ”, and sodium by “ ”.  Estimated uncertainty in the f1 volumes is ± 0.4 Å3, and in 
the f2 volumes, ± 0.9 Å3, represented graphically by the error bars. 
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Volume of f1 and f2 Units of Rb and Cs (Extended to R = 0.6)
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Figure 5: Volumes of the f1 and f2 unit as a function of R (ratio of alkali oxide to boron 
oxide) of cesium borates and rubidium borates, extended to R = 0.6.  The cesium system 
is represented by “ ”, and rubidium by “ ”.  All data points to the right of the vertical 
dotted line were calculated using the approximation of holding the f3 unit volume 
constant.    Estimated uncertainty in the f1 volumes is ± 0.4 Å3, and in the f2 volumes, ± 
0.9 Å3, approximately equal to or less than the size of the data markers. 
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