Exam 1 Real Analysis 1 10/1/2004
- Each problem is worth 10 points. Show adequate justification for full credit. Don’t panic.

1. State the definition of a sequence. :
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2. State the definition of divergence of a sequence to +.
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3. Give an example of a sequence which is bounded but not convergent. v
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4, State the Bolzano-Weierstrass Theorem.
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5. Prove that for any real numbers ¢ and b, |a — b| < |a| +|b]. -
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6. Prove that the sequence{ & } is convergent. :
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7. Using some or all of the axioms:

(AD)
(A2)
(A3)
(A4)

(A5)
(A6)

(A7)

(A8)
(A9)

(Closure) a + b, a'b € R forany a, b € R. Also,ifa, b, c,d € Rwitha=b andc =d, then a

- +ec=b+dand ac=bd.

(Commutative)a+b=>b+aand a-b=b-aforany a, b € R.

(4Associative) (a+ b) +c=a+ (b+c) and (a'b)c = a'(bc) forany a, b, c, € R.

(Additive identity) There exists a zero element in R, denoted by 0, such that a + 0 = a for any
a€R. :

(Additive inverse) For each a € R, there exists an element —a in R, such that a + (—a) = 0.
(Multiplicative identity) There exists an element in R, which we denote by 1, such that a1 =

aforany a € R.
(Multiplicative inverse) For each a € R with a # 0, there exists an element in R denoted by

1 ora’, suchthat aa™ = 1.
(Distributive) a:(b + ¢) = (a:b) + (ac) forany a, b, c € R.

" (Trichotomy) For a, b € R, exactly one of the following is true: a = b, a < b, ora > b.

(A10) (Transitive) Fora,beR,iffa<bandb<c,thena<ec.
(Al11) Fora,b,ceR,ifa<b,thena+c<b+ec.
(A12) Fora,b,cE_]R,ifa<bandc>0,thénac<bc.

Prove thatif a, b, ¢, d € R, with a < b and ¢ < d, then ac < bd. Be explicit about which axioms you

use.
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8. State and  the Monotone Conve Th :
pcéu: p;)Vi'Jh:m{T"‘}nvﬁe:l:e '\’eorirf;A“’ d  manctrac \J c?avq t, 3ed |
A cah' Nh(\f‘l’— {a ll \ncli_l_.; ﬂj ‘, bﬂ“\
6 il e o Giead e T b £ 9
' o {R QN} Siace {dL I is qu-\
o e 1 (R o
-‘ i s g P L Jok €20 ¥
‘n : \ v : | L
g o el ¥V eV ek T L WB. e
AT L N ma .
Wm el Ly )'u oo LUD,
His, B e
S PITTE R
 ateeal > oo V ATAY T W
w b a i fin e re e " 4 .
o {g ”"“"" goand S BT L L, e e by Av
i P : f = R
[ opiel e pve ‘
g -L
-L * % [ﬁl‘-,L .IH A ¢b 3 s

a - &
~E L & . foy el i o T he
Coﬂ.\n-ja J/ 7‘ ;i .

En“L( éE . Thw!, [aﬂ}(sc\\gw—;wt‘"ly' il !
g athee caml i lo

\/M




9. Prove that if x € (0,1) is a fixed real number, then 0 <x" <1 forall n € N.
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10. Prove that if {a,} converges to A and ¢ € R then {c - a,} converges.
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