Homework 4 Foundations 4/21/06

Suppose that N isaset. Wecdl N aPeano systemiff the following conditions are satidfied:

. 0eN.
[1. Foreach x € N, thereisaunique dement x’ € N (wecal x’ the successor of x).
1. ¥xeN,x" =0.

V. VX, ye N\, X' =y =x=Vy
V. IfMc NforwhichOe MandVx e M, x’ € M, then M = N.

Given a Peano system N, we make the following definition:
» Givenx,y e N, definethar sum x +y by
e X+0=x
o X+ (Y)=(Xx+y)

Prove the following Satements, given that N is a Peano system.
1. VX, yeN,x+(y+0)=(x+y)+0.

2. VX, ¥, ZEN, X+ (y+2)=(X+y)+z=x+(y+Z)=(X+tYy) +Z.
3. VX, ¥, ZEN, X+ (y+2=(x+y)+z

4, 0+0=0.

5. VyeN,0+y=y=0+y =y’

6. VyeN,O+y=y.

7. VxeN,x"+0=(x+0)".

8. VX,YyEN, X +y=(X+Yy) =X"+y =(X+Y')".
9. VX, YEN, X +y=(X+Yy)".

10.vye N,0+y=y+0.

11. VX, ye N, x+y=y+x=X"+y=y+X".

12. VX, ye N, x+y=y+X.

13. vy e N,withy = 0,0 = 0 +.

14.vx,y e Nywithy # 0, X # X +y=X" # X' +.
15.Vx,y € N,withy # 0, x = X +.

16.Vy,ze N,0+y=0+z=y=2

17.9%, ¥, ZE N, (x +y=x+2-y=2) = (X' +y=X'+2-y=2).



18.VX,y,ze N, x+y=X+z=y=2
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Prove the following Satements, given that N is a Peano system.
1. VX, yeN,x+(y+0)=(x+y)+0.

2. VX, ¥, ZEN, X+ (y+2)=(X+y)+z=x+(y+Z)=(X+tYy) +Z.
3. VX, ¥, ZEN, X+ (y+2=(x+y)+z

4, 0+0=0.

5. VyeN,0+y=y=0+y =y’

6. VyeN,O+y=y.

7. VxeN,x"+0=(x+0)".

8. VX,YyEN, X +y=(X+Yy) =X"+y =(X+Y')".
9. VX, YEN, X +y=(X+Yy)".

10.vye N,0+y=y+0.

11. VX, ye N, x+y=y+x=X"+y=y+X".

12. VX, ye N, x+y=y+X.

13. vy e N,withy = 0,0 = 0 +.

14.vx,y e Nywithy # 0, X # X +y=X" # X' +.
15.Vx,y € N,withy # 0, x = X +.

16.Vy,ze N,0+y=0+z=y=2

17.9%, ¥, ZE N, (x +y=x+2-y=2) = (X' +y=X'+2-y=2).



18.VX,y,ze N, x+y=X+z=y=2
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