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5.3 The Peano Axiomsl|
Y ou should have wondered a some point in your life exactly how many things needed to be accepted
“onfaith” asjus obvioudy true in order to make the rest of the things commonly done in mathemetics
follow. The answer, technicdly, is none — mathematics proceeds in a hypothetica way, deducing the
consequences if some collection of axioms holds. But for amore satisfying answer, this and the
following sections provide an ingtance of developing agreet ded of familiar materia from avery short
ligt of principles.
Definition: We cdl asat N a Peano system iff the following conditions are satisfied:
P1. OeN.
P2. Foreach x € N, thereisaunique dement X’ € N (wecdl x’ the successor of x).
P3. ¥xeN,x =0.
P4, VX,ye N, X' =y =Xx=y
P5. IfMc NforwhichOe MandVx e M, x’ € M, then M = N.
Definition: Given aPeano sysem N and X, y € N, definetheir sum x +y by
Al x+0=x
A2 x+(y)=(x+y)
Exercises
Prove the following statements, given that N is a Peano system.
1. VX,yeN,x+(y+0)=(x+y)+0.
2. VX, ¥, zeN, X+ (y+2)=(X+y)+z=x+(y+Z)=(Xx+y)+Z.
3. VXY, ZEN,X+(Yy+2)=(x+y)+z
4. 0+0=0.
5. VyeN,0O+y=y=0+y =Yy
6. VyeN,O+y=y.
7. ¥YxeN,x"+0=(x+0)".
8. VX,YEN, X' +y=(X+Yy) =X"+y =(X+Y')".
9. VX, yeN, X' +y=(X+Yy)".
10.vye N,0+y=y+0.
11. VX, ye N, X+y=y+ X=X +y=y+Xx'.

12. VX, ye N, Xx+y=y+Xx.
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5.4 The Peano Axioms| |

The previous section devel oped the basic additive properties of the natural number syssem. This
section extends that development to multiplication.

Definition: Given aPeano sysem N and X, y € N, define their product x - y by
M1. x-0=0
M2, X (y)=(X"y) +Xx

Exercises

Prove the following Satements, given that N is a Peano system.

1. VX, yeN,x-(y+0)=x-y+x-0.

2. VXY, ZeN,X-(Yy+2)=X"y+X-Z=X (y+Z)=x"y+Xx-Z.

3. VX, ¥, ZEN,X-(Yy+2)=X"y+X-Z

4, VX, yeN,x-(y-0)=(x-y)-0.

5 VX, ¥, zeN,X- (Y- 29=(X"y)-z=Xx-(y-Z)=(X"Yy)  Z.

6. VX,¥,ZEN,X- (Y- 2=(X"Y) 2

8. VyeN,0-y=0=0-y =0.

9. VyeN,0-y=0.

10.Vx e N,x' - 0=0.

11. VX, ye N, X - y=X-y+y=Xx"-y =Xy +Vy.
12. VX, ye N, X' -y=X-y+y.
13.VyeN,0-y=y-0.

14. VX, ye N, x - y=y-x=x"y=y- X

15.Vx,ye N,x-y=y-X.
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5.5 The Peano Axioms|11

Here we include afew additiona results that can be developed from the axioms dready given. Whileit
isimpossbleto ligt al the consequences of these axioms, these should dispel any impression that the
results given previoudy are exhaudive.

Definition: We henceforth adopt the conventionthat 0' =1, 1' = 2, 2’ = 3, 3' = 4, and so forth.
Exer cises

Prove the following statements, given that N is a Peano system.

1. VyeN,withy=0,0=0+y.

2. VX, yeN,withy # 0, X # X+y=X"# X' +YV.

3. VX, ye Nywithy # 0, X # X +.

4, Vy,ze N,0+y=0+z=y=2z

5. VX, ¥, ZeEN,(X+ty=X+z=y=2)= X +y=X"+z=y=2).

6. VX,V,ZeN,X+y=Xx+z=y=2

7. VyeN,withy=1,1#1-vy.

8. VX,yeN,withy# 1, x# X -y=X"#X"-V.

9. VX,ye N,withy # 1, x # X - y.

10.Vy,zeN,1-y=1-z=y=2z

11.VX, ¥, ze N, (X y=X-z=y=2)=(X""y=X'-z2=y=2).

12. VX, y,ze N, X y=x-z=y=2
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5.6 The Peano Axioms |V

A sceptic might look at the previous sections and worry that, athough they possess interna
consstency, there is no particular reason to accept the axioms in their somewhat convoluted form as
sdf-evident. Sad differently, whether nine things or a thousand are taken on faith, we gill might like to
think mathematicsis based on something other than hypotheticals. This section addresses that concern.
Definition: Givenaset A, define S(A) = A u {A}.

Definition: Let N be the collection of dl sets N containing ¢ and such that VxeN, §(x) € N. Let N be
the intersection of dl satsin N.

Exercises

1. Write S2), SY2)), and S(SS2))) explicitly. How many eements does each of these have?
2. Showthat 2 € N.

3. Show that for each x € N, thereisaunique dement S(x) € N.

4. Show that for any set A, S(A) # o.

5. Showthatforany x,ye N, SxX)=Sy) =x=y

6. Showtha if M c Nforwhiche € MandVx € M, §x) € M, then M = N.

7. Show that N is a Peano system.

8. Showthatl+1=2.

9. Showthat2+2=4.
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