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1.2 Analytic Technique: Separation of Variables 21

solutions, but it does tell us how to check whether a candidate function is or is not a
solution. For example, consider the simple differential equation

dy_
7

We can easily check that the function y; (1) = 3¢’ is a solution, whereas y2(t) = sint is
not a solution. The function y;(¢) is a solution because

dyi _dGe')
dt ~—  dr

On the other hand, y,(¢) is not a solution since

3¢" =y, forallz.

dy; _ d(sint) .
dt —  dr

and certainly the function cos ¢ is not the same function as y2(t) = sint.

cost,

Checking that a given function is a solution to a given equation
If we look at a more complicated equation such as

dy y?>-—1
dt 12421
then we have considerably more trouble finding a solution. On the other hand, if some-
body hands us a function y(r), then we know how to check whether or not it is a solution.
For example, suppose we meet three differential equations textbook authors—say
Paul, Bob, and Glen—at our local espresso bar, and we ask them to find solutions of this
differential equation. After a few minutes of furious calculation, Paul says that

i) =141
is a solution. Glen then says that
y2(t) =142t
is a solution. After several more minutes, Bob says that
() =1

is a solution. Which of these functions is a solution? Let’s see who is right by substi-
tuting each function into the differential equation.
First we test Paul’s function. We compute the left-hand side by differentiating
y1(t). We have
- dyr _d(l+1) I
e dt
Substituting y; (¢) into the right-hand side, we find

@2 -1 _ A+0*—1 242

242t 242 T 242
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1.2 Analytic Technique: Separation of Variables 23

is an initial-value problem. To solve this problem, note that the right-hand side of the
differential equation depends only on #, not on y. We are looking for a function whose
derivative is > — 2 sin¢. This is a typical antidifferentiation problem from calculus, so
all we need to do is to integrate this expression. We find

4
t
f(t3 —2sint)dt = 7 +2cost +c,

where c is a constant of integration. Thus the solution of the differential equation must

be of the form p ?

t
y() = 7 +2cost +c.

We now use the initial condition y(0) = 3 to determine ¢ by

04
3=y(0)=Z+200s0+c=0+2-1+c=2+c.

Thus ¢ = 1, and the solution to this initial-value problem is

4
y() = oy +2cost + 1.

The expression
4

t
y() = Z+200st+c

is called the general solution of the differential equation because we can use it to solve
any initial-value problem whatsoever. For example, if the initial condition is y(0) = 7,
then we would choose ¢ = 7 —2 to solve the initial-value problem dy/dt = t* —2sint,
y©0)=m.

Separable Equations

Now that we know how to check that a given function is a solution to a differential
equation, the question is: How can we get our hands on a solution in the first place?
Unfortunately, it is rarely the case that we can find explicit solutions of a differen-
tial equation. Many differential equations have solutions that cannot be expressed in
terms of known functions such as polynomials, exponentials, or trigonometric func-
tions. However, there are a few special types of differential equations for which we can
derive explicit solutions, and in this section we discuss one of these types of differential
equations. _
The typical first-order differential equation is given in the form

-

d
d—§=f(t,y)-

The right-hand side of this equation generally involves both the independent variable ¢
and the dependent variable y (although there are many important examples where either




‘snowouo)ne st uonenbs iy} 0s ‘oUole 4 S[qerrea juapuadap Yy uo spuadop

uonenbo onsio[ oy Jo opis puey-1y3u
oy “ordurexs 104 ‘SNOWOUO)NE dIE (UOT02S SNOTAdId SY) UT S[SPOW INo JO & SuIpnyour)
suoneordde ur s ey} suonenba [ENULIAIIIP I9pI0-1s1Y jueiioduwl Jsow 3y} Jo AUB
‘snourouojne oq o) pres st uonenbo [enuareyIp Jo 2dAy isef sy, ‘o[qeiedss osfe si

p
OYy = —
@u=
‘Aprepruats -« yo wonouny (opduwurs A1oA) e
Se | IOPISU0D 9Mm JI9yM [ - (7)§ s apIs puey-1ySu oy presar Aew am ours o[qeredas st

p
(N8 =—
{p

uonenbs [enuaIayIp Ay, “uonenbs oy Jo SpIS pueY-YSLI oY}
woxy Sursstur st £ 10 7 IOYID JT Md20 suonenbo ojqeredss o sady juepsodur omy,

,<1+K) <..“1 >=(1+K)1_£
I 1+1 1+y  4p

se uonenbo oY) 9J1IMAI ULD IM 29uls d[qeredas ST

1+41  ap
I+12 Ap
‘@oue)sur
104 -o[qeredss st uonenbo U Jey) 93s 0] JIOM SN[ B OP 0} SARY JYSIW 9A\ 10U SI

P
{=—
1+ 5
uonenbs oy) pue ‘ojqeredas A[1es[o St
1= »
p

uonenbs [enuaIagIp oy} ‘ofdurexs 10g

p

(©Oy(ns = o

WI0J 9Y) UT UM

aq ued )1 J1 ojqeredas st uonenba [ENUSIRIP € ‘SIJeY], "4 uo A[uo spusdasp jer Ioyjoue
pue duoe 7 uo spuadap Jey} U0 SUOTOUNJ 0] JO 1onpoid 3y se uRLIM dq ued (4 1) f
uonouny o Jt a[qeaedas poj[ed st uonenbo enuaeyIp v (Surssmu st 4 oy 1o 7 9y}

suopenby [enuaIaYIg 1PPIO-ISIY | YILIVHD

44

( |

TR



1.2 Analytic Technique: Separation of Variables 25

How to solve separable differential equations
To find explicit solutions of separable differential equations, we use a technique familiar
from calculus. To illustrate the method, consider the differential equation
dy t
dr — y?'
There is a temptation to solve this equation by simply integrating both sides of the equa-
tion with respect to ¢. This yields

d t
/—ydt=/—dt,
dt y2

t
y(t):/;dt.

Now we are stuck. We can’t evaluate the integral on the right-hand side because we
don’t know the function y(z). In fact, that is precisely the function we wish to find. We
have simply replaced the differential equation with an integral equation.

We need to do something to this equation before we try to integrate. Returning to
the original differential equation

and, consequently,

dy t
dt  y?’
we first do some “informal” algebra and rewrite this equation in the form
y2dy =tdr.

That is, we multiply both sides by y? dt. Of course, it makes no sense to split up dy/dt
by multiplying by d¢. However, this should remind you of the technique of integration
known as u-substitution in calculus. We will soon see that substitution is exactly what
we are doing here.

We now integrate both sides: the left with respect to y and the right with respect

to . We have
/y2 dy = /tdt,
which yields
3 2
y_ v
) +c.

Technically there is a constant of integration on both sides of this equation, but we can
lump them together as a single constant ¢ on the right. We may rewrite this expression

342 1/3
y@) = (7 + 3c) ;

or since c is an arbitrary constant, we may write this even more compactly as

312 W
H=|—+k|,
y() (2+>

as
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1.2 Analytic Technique: Separation of Variables 27

Missing Solutions

Getting Stuck

If it is possible to separate variables in a differential equation, it appears that solving
the equation reduces to a matter of computing several integrals. This is true, but there
are some hidden pitfalls, as the following example shows. Consider the differential
equation

dy 2
a7

This is an autonomous and hence separable equation, and its solution looks straightfor-
ward. If we separate and integrate as usual, we obtain

d
/%:/dt
y
1

——=t+c

y

(1) = :
=5 e

We are tempted to say that this expression for y(¢) is the general solution. However, we
cannot solve all initial-value problems with solutions of this form. In fact, we have
y(0) = —1/c, so we cannot use this expression to solve the initial-value problem
y(0) =0.

What’s wrong? Note that the right-hand side of the differential equation vanishes
if y = 0. So the constant function y(#) = 0 is a solution to this differential equa-
tion. In other words, in addition to those solutions that we derived using the method
of separation of variables, this differential equation possesses the equilibrium solution
y(¢) = 0 for all ¢, and it is this equilibrium solution that satisfies the initial-value prob-
lem y(0) = 0. Even though it is “missing” from the family of solutions that we obtain
by separating variables, it is a solution that we need if we want to solve every initial-
value problem for this differential equation. Thus the general solution consists of func-
tions of the form y(t) = —1/(¢ + c) together with the equilibrium solution y(¢) = 0.

As another example, consider the differential equation

dy _ 3
dr . 1+y*

-

As before, this equation is autonomous. So we first separate to obtain

1 2
¥ dy = dt.
y

P
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1.2 Analytic Technique: Separation of Variables 29

As we saw in the previous section, the general solution to this equation is the exponen-
tial function

A(t) s CeO'OSI,

where ¢ = A(0). Thus
A(t) = 5000¢°-0%

is our particular solution.
Assuming interest rates never change, after 10 years we will have

A(10) = 5000¢% ~ 8244

dollars in this account. That is a nice little nest egg, so we decide we should have some
fun in life. We decide to withdraw $1000 (mad money) from the account each year in a
continuous way beginning in year 10. How long will this money last? Will we ever go
broke?

The differential equation for A(z) must change, but only beginning in year 10.
For 0 < ¢t < 10, our previous model works fine. However, for ¢ > 10, the differential
equation becomes

dA
— =0.05A — 1000.
dt
Thus we really have a differential equation of the form
dA | 0.05A fort < 10;
dt | 0.05A—1000 fort > 10,

whose right-hand side consists of two pieces.

To solve this two-part equation, we solve the first part and determine A(10). We

just did that and obtained A(10) ~ 8244. Then we solve the second equation using
A(10) = 8244 as the initial value. This equation is also separable, and we have

dA /
———— = | dt
/ 0.05A — 1000

We calculate this integral using substitution and the natural logarithm function. Let
u = 0.05A — 1000. Then du = 0.05dA, or 20du = dA since 0.05 = 1/20. We

obtain
f 20du
=t+c

u

20In|u| =t +c1

201n]0.05A4 — 1000| =t + c1,

for some constant cj.
Att = 10, we know that A ~ 8244. Thus at t = 10,

dA
e 0.05A4 — 1000 =~ —587.8 < 0.
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1.2 Analytic Technique: Separation of Variables 31

A Mixing Problem

The name mixing problem refers to a large collection of different problems where two
or more substances are mixed together at various rates. Examples range from the mix-
ing of pollutants in a lake to the mixing of chemicals in a vat to the diffusion of cigar
smoke in the air in a room to the blending of spices in a serving of curry.

Mixing in a vat
Consider a large vat containing sugar water that is to be made into soft drinks (see Fig-
ure 1.8). Suppose:

o The vat contains 100 gallons of liquid. Moreover, the amount flowing in is the same
as the amount flowing out, so there are always 100 gallons in the vat.
o The vat is kept well mixed, so the concentration of sugar is uniform throughout the \
vat. {
e Sugar water containing 5 tablespoons of sugar per gallon enters the vat through L
pipe A at a rate of 2 gallons per minute. %
o Sugar water containing 10 tablespoons of sugar per gallon enters the vat through '
pipe B at a rate of 1 gallon per minute. 1
o Sugar water leaves the vat through pipe C at a rate of 3 gallons per minute.

To make the model, we let ¢ be time measured in minutes (the independent vari-
able). For the dependent variable, we have two choices. We could choose either the
total amount of sugar, S(¢), in the vat at time ¢ measured in tablespoons, or C(¢), the
concentration of sugar in the vat at time ¢ measured in tablespoons per gallon. We will
develop the model for S, leaving the model for C as an exercise.

Using the total sugar S(¢) in the vat as the dependent variable, the rate of change
of S is the difference between the amount of sugar being added and the amount of sugar
being removed. The sugar entering the vat comes from pipes A and B and can be easily
computed by multiplying the number of gallons per minute of sugar mixture entering
the vat by the amount of sugar per gallon. The amount of sugar leaving the vat through

1

—

Figure 1.8
Mixing vat.
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1.2 Analytic Technique: Separation of Variables 33

EXERCISES FOR SECTION 1.2

1. Bob, Glen, and Paul are once again sitting around enjoying their nice, cold glasses
of iced cappucino when one of their students asks them to come up with solutions to
the differential equation

dy y+1
dt  t+1°
After much discussion, Bob says y(¢) = ¢, Glen says y(#) = 2¢ + 1, and Paul says
y(t) = 1% —2.
(a) Who is right?

(b) What solution should they have seen right away?

2. Make up a differential equation of the form

dy v
—-:2 —1 I
o vy —1+gly) |

that has the function y(¢) = €2 as a solution.

3. Make up a differential equation of the form

d
d—f=f(t,y)

that has y(¢) = ¢ as a solution. (Try to come up with one whose right-hand side
f (¢, y) depends explicitly on both # and y.)

4. Pick some relatively simple function and produce a differential equation that has
that function as a solution. Then ask a classmate to guess a solution to the result-
ing differential equation without telling them the solution you have in mind. (Be
kind. Your classmate will ask the same thing of you.)

(a) Did your classmate come up with a solution?
(b) Was it the same one you had in mind?

(¢) Why is it easier to write differential equations problems than it is to solve
them?

In Exercises 5-24, find the general solution of the differential equation specified. (You
may not be able to reach the ideal answer of an equation with only the dependent vari-
able on the left and only the independent variable on the right, but get as far as you

can.)
dy | dy 4 dy

5. — =t 6. — =t 7. — =2 1
dt Y - dt J dt Y+
dy dy  _ dy 2

8. —=2-— 9, — =¢7 10. = = (¢
dt Y dt ¢ dt @)
dy t dy dy 1

= = 12. — =1t 13. — = |

dt  t2y+y dt 9y

dt ~ 2y+1 ;
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37.

38.

39.

40.

1.2 Analytic Technique: Separation of Variables 35

(a) Suppose Co = 200, k; = 0.1, ko = 0.1, E = 400, and C(0) = 150. What will
the person’s cholesterol level be after 2 days on this diet?

(b) With the initial conditions as above, what will the person’s cholesterol level be
after 5 days on this diet?

(c) What will the person’s cholesterol level be after a long time on this diet?

(d) High levels of cholesterol in the blood are known to be a risk factor for heart
disease. Suppose that, after a long time on the high cholesterol diet described
above, the person goes on a very low cholesterol diet, so E changes to E =
100. (The initial cholesterol level at the starting time of this diet is the result
of part (c).) What will the person’s cholesterol level be after 1 day on the new
diet, after 5 days on the new diet, and after a very long time on the new diet?

(e) Suppose the person stays on the high cholesterol diet but takes drugs that block
some of the uptake of cholesterol from food, so ky changes to k2 = 0.075.
With the cholesterol level from part (c), what will the person’s cholesterol level
be after 1 day, after 5 days, and after a very long time?

A cup of hot chocolate is initially 170° F and is left in a room with an ambient tem-
perature of 70° F. Suppose that at time 7 = 0 it is cooling at a rate of 20° per minute.

(a) Assume that Newton’s law of cooling applies: The rate of cooling is propor-
tional to the difference between the current temperature and the ambient tem-
perature. Write an initial-value problem that models the temperature of the hot
chocolate.

(b) How long does it take the hot chocolate to cool to a temperature of 110° F?

In the mixing problem in this section, we had to make a choice of dependent vari-
able. We used the amount of sugar as the dependent variable, but we could have
used the concentration of sugar as the dependent variable. If S(z) is the total amount
of sugar in the vat at time 7, then the concentration at time ¢ is given by C(r) =
S(1)/100 and is measured in tablespoons per gallon. Write a differential equation
modeling the assumptions in the section using C (¢) as the dependent variable.

Use the techniques of this section to solve the differential equation in Exercise 38.
Are there any equilibrium solutions for this differential equation?

Suppose you are having a dinner party for a large group of people, and you decide to
make 2 gallons of chili. The recipe calls for 2 teaspoons of hot sauce per gallon, but
you misread the instructions and put in 2 tablespoons of hot sauce per gallon. (Since
each tablespoon is 3 teaspoons, you have put in 6 teaspoons per gallon, which is a
total of 12 teaspoons of hot sauce in the chili.) You don’t want to throw the chili
out because there isn’t much else to eat (and some people like hot chili), so you
serve the chili anyway. However, as each person takes some chili, you fill up the
pot with beans and tomatoes without hot sauce until the concentration of hot sauce
agrees with the recipe. Suppose the guests take 1 cup of chili per minute from the
pot (there are 16 cups in a gallon), how long will it take to get the chili back to the
recipe’s concentration of hot sauce? How many cups of chili will have been taken
from the pot? '




